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Abstract—Using the method of perturbation theory, the problem of light scattering by particles of arbitrary
axisymmetric shape has been solved. The proposed approach makes it possible to consider substantial
deformations by decomposing the total deformation into smaller ones. The issues of convergence,
applicability limits and conditions are discussed; a comparison with an alternative computational method is
presented.
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INTRODUCTION

The problem of elastic light scattering by par-
ticles has a wide range of applications in science
and technology. There exist numerous approaches
and approximations for its solution. If the particle
size greatly exceeds the wavelength, the laws of ge-
ometrical optics are used [1]. In the opposite case,
it is necessary to solve Maxwell’s equations, that
is, to apply the laws of wave optics. The litera-
ture presents a number of methods for solving this
problem, the choice of which is determined by the
conditions and the required accuracy. Among analyt-
ical methods, one can distinguish the point matching
method [2], the T-matrix method or the extended
boundary condition method (EBCM) [3, 4], and the
method of separation of variables (which in the case
of a sphere reduces to Mie theory) [5]. Numerical
methods include the method of moments [6], the
finite-difference time-domain method [7], the volume
integral equation method [8], and the finite element
method [9].

Analytical methods provide high accuracy and re-
quire less computational cost, but their application
is generally limited to simple geometries, such as
spheres and ellipsoids.

The work [10] presents a method for calculating
light scattering by a particle of complex shape based
on perturbation theory of the surface relative to a
spherical one. However, this method is significantly
limited by the magnitude of the surface perturbation,
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as has been repeatedly emphasized in the literature
[11, 12]. To overcome this limitation, the initial
deformation can be decomposed into a set of small
perturbations. Nevertheless, in this case it is required
to modify the theory for an arbitrary initial surface
rather than only a spherical one. This approach was
first applied in [13] for the case of scattering of a plane
wave. In the present work, scattering is considered
for an arbitrary wave shape.

The content of this work is organized as follows.
Sections 1–3 present the main formulae and princi-
ples of the method; limits and conditions of applica-
bility are discussed. Section 4 discusses comparison
with the EBCM method [3]; problems are indicated
for which we recommend using our method.

1. PROBLEM STATEMENT

Let the time dependence of the electromagnetic
field be given by exp(−iωt), where ω is the angular
frequency of light. Then the spatial dependence of the
field satisfies the vector Helmholtz equation:

ΔE+ n2
globk

2E = 0, (1)

which must be solved in two domains—inside the
particle (refractive index nglob = nrefr), and outside
(we assume the refractive index of the surrounding
medium is equal to nglob = 1), k = ω/c, c is the speed
of light. In our problem, it is convenient to consider a
spherical coordinate system, in which the fundamen-
tal solutions of (1) are vector spherical harmonics:
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M±mn = zn(ρ)m±mn,

N±mn =
zn(ρ)

ρ
p±mn +

[ρzn(ρ)]
′

ρ
n±mn, (2)

where

m±mn = ∓πmn

⎡
⎣sinmϕ

cosmϕ

⎤
⎦ eθ − τmn

⎡
⎣cosmϕ

sinmϕ

⎤
⎦ eϕ,

n±mn = τmn

⎡
⎣cosmϕ

sinmϕ

⎤
⎦ eθ ∓ πmn

⎡
⎣sinmϕ

cosmϕ

⎤
⎦ eϕ,

p±mn = n(n+ 1)Pm
n (cos θ)

⎡
⎣cosmϕ

sinmϕ

⎤
⎦ er. (3)

Here πmn = m
sin θP

m
n (cos θ), τmn = d

dθP
m
n (cos θ),

and Pm
n (cos θ) are the associated Legendre poly-

nomials, (r, θ, φ) are spherical coordinates, (er, eθ,
eϕ) are the corresponding unit vectors, zn(ρ)—
spherical Bessel functions, ρ = kr is the dimension-
less radius (inside the particle it is multiplied by the
refractive index nrefr).

Let the initial shape of the particle σ0 be described
by the equation r = r0f0(θ). In order to construct
perturbation theory for this surface, it is necessary to
know the solution for an arbitrary field on the original
surface σ0. Moreover, as will become clear from the
discussion below, it is necessary to know the solution
under the condition of independence of the fields E
and H, whereas in the standard light scattering prob-
lem it is assumed that these fields are related through
Maxwell’s equations.

Let us consider the scattering of the field Einc

by a particle with refractive index nrefr and magnetic
permeability μ, with a surface shape σ1 defined by the
following equation:

r = r0 (f0(θ) + εf1(θ)) . (4)

Due to the completeness of the system of functions
(2), an arbitrary field Einc can be expanded in a series
of M±mn and N±mn [14]. By virtue of the axial
symmetry of the particle (4), it is sufficient to consider
only the TM mode, so that

Einc =

∞∑
n=1

n∑
m=0

(
e+mnN

(1)
+mn + f−mnM

(1)
−mn

)
, (5)

where the superscript (1) denotes the choice of the
spherical Bessel function of the first kind, zn(ρ) =
jn(ρ). The solution for the TE mode can be obtained
from the solution for the TM mode [15]. The scattered
field Esca and the internal field Eint can be represented
as series:

Esca =
∞∑
n=1

n∑
m=0

(
a+mnN

(3)
+mn + b−mnM

(3)
−mn

)
,

Eint =

∞∑
n=1

n∑
m=0

(
d+mnN

(1)
+mn + c−mnM

(1)
−mn

)
, (6)

where the superscript (3) denotes the choice of the
spherical Hankel function of the first kind, zn(ρ) =

h
(1)
n (ρ).

The unknown coefficients (a, b, c, d) in Eq. (6) are
determined from the boundary conditions on the sur-
face of the particle σ1, which require continuity of the
tangential components of the electric and magnetic
fields:

(f0 + εf1)E
out
τ + (f0θ + εf1θ)E

out
r eθ

= (f0 + εf1)E
int
τ + (f0θ + εf1θ)E

int
r eθ,

(f0 + εf1)H
out
τ + (f0θ + εf1θ)H

out
r eθ

= (f0 + εf1)H
int
τ + (f0θ + εf1θ)H

int
r eθ, (7)

where fiθ ≡ ∂fi
∂θ and Eτ ≡ Eϕeϕ + Eθeθ, Eout =

Einc +Esca, analogously for H. Substituting (6)
into (7), we obtain:

∑
mn

[(
b−mnβ

0
n − κc−mnα

0
n

)
m−mn +

(
a+mnβ

1
n − κd+mnα

1
n

)
n+mn

+ eθρ0f0θ
(
a+mnη

0
n − κd+mnσ

0
n

)
p+mn

]∣∣∣∣
r∈σ1

= −ρ0 (f0 + εf1)E
inc
τ − ρ0 (f0θ + εf1θ) eθE

inc
r

∣∣∣∣
r∈σ1

,

∑
mn

[
χ1

(
a+mnβ

0
n − χ2κc+mnα

0
n

)
m+mn +

(
χ1b−mnβ

1
n − χ2κc−mnα

1
n

)
n−mn
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+ eθρ0f0θ
(
χ1b−mnη

0
n − χ2κc−mnσ

0
n

)
p−mn

]∣∣∣∣
r∈σ1

= −ρ0 (f0 + εf1)H
inc
τ − ρ0 (f0θ + εf1θ) eθH

inc
r

∣∣∣∣
r∈σ1

, (8)

where ρ0 = kr0, κ = 1/nrefr, χ1 = −i, χ2 = −inrefr
μ .

The notations for α, β, σ, and η are the same as in [10,
13]; see also Appendix.

2. GENERALIZED SURFACE
PERTURBATION THEORY

We seek a solution to system (8) in the form of a
series of the small parameter ε:

(a, b, c, d)mn =

∞∑
p=0

(a, b, c, d)pmnε
p. (9)

To construct the perturbation theory, Eqs. (8) should
be expanded in a series of ε taking into account (9).

The equations for determining the unknowns are ob-
tained by equating the coefficients at powers of εp.

Some key remarks should be made. In [10], all
terms related to the incident field are also expanded
in a series of ε. However, this is not necessary, since
these quantities are known and can be computed as
independent of ε. This approach not only simplifies
the formulae but also allows constructing the solution
in a more general form.

More detailed derivations are presented in Ap-
pendix, from which it follows that the expansion (8)
can be written in the form:

∑
mn

[(
bl−mnβ

0
n − κcl−mnα

0
n

)
m−mn +

(
al+mnβ

1
n − κdl+mnα

1
n

)
n+mn

+ eθρ0f0θ

(
al+mnη

0
n − κdl+mnσ

0
n

)
p+mn

]∣∣∣∣
r∈σ0

= Sl,

∑
mn

[(
χ1a

l
+mnβ

0
n − χ2κd

l
+mnα

0
n

)
m+mn +

(
χ1b

l
−mnβ

1
n − χ2κc

l
−mnα

1
n

)
n−mn

+ eθρ0f0θ

(
χ1b

l
−mnη

0
n − χ2κc

l
−mnσ

0
n

)
p−mn

]∣∣∣∣
r∈σ0

= Tl, (10)

where l = 0, 1, 2, 3.., the quantities Sl, Tl are computed as follows for l = 0:

S0 = −ρ0 (f0 + εf1)E
inc
τ − ρ0 (f0θ + εf1θ) eθE

inc
r

∣∣∣∣
r∈σ1

,

T0 = −ρ0 (f0 + εf1)H
inc
τ − ρ0 (f0θ + εf1θ) eθH

inc
r

∣∣∣∣
r∈σ1

, (11)

for l > 0:

Sl =

l−1∑
q=0

∑
mn

f l−q
1

(l − q)!

[(
κcq−mnα

l−q
n ρl−q

20 − bq−mnβ
l−q
n ρl−q

0

)
m−mn

+
(
κdq+mnα

l−q+1
n ρl−q

20 − aq+mnβ
l−q+1
n ρl−q

0

)
n+mn

+
(
dq+mnσ

l−q
n ρl−q

20 − aq+mnη
l−q
n ρl−q

0

)
f0θρ0eθp+mn

+
(

dq+mnσ
l−q−1
n ρl−q−1

20 − aq+mnη
l−q−1
n ρl−q−1

0

)
f1θρ0

l − q

f1
eθp+mn

]∣∣∣∣
r∈σ0

,
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Tl =
l−1∑
q=0

∑
mn

f l−q
1

(l − q)!

[(
κχ2d

q
+mnα

l−q
n ρl−q

20 − χ1a
q
+mnβ

l−q
n ρl−q

0

)
m+mn

+
(
κχ2c

q
−mnα

l−q+1
n ρl−q

20 − χ1b
q
−mnβ

l−q+1
n ρl−q

0

)
n−mn

+
(
χ2c

q
−mnσ

l−q
n ρl−q

20 − χ1b
q
−mnη

l−q
n ρl−q

0

)
f0θρ0eθp−mn

+
(
χ2c

q
−mnσ

l−q−1
n ρl−q−1

20 − χ1b
q
−mnη

l−q−1
n ρl−q−1

0

)
f1θρ0

l − q

f1
eθp−mn

]∣∣∣∣
r∈σ0

, (12)

ρ20 = nrefrρ0. Comparing conditions (8) and (10),
one can observe that the problem reduces to an anal-
ogous one, but on the unperturbed surface. As as-
sumed at the beginning of the exposition, the so-
lution on the surface σ0 is known for any incident
field. Moreover, this solution must be expressed under
the assumption of independence of Sl, Tl, since the
relation between Sl and Tl in Eqs. (10) is not known
in advance. This is necessary for several reasons:
first, this relation depends on the perturbation f1;
second, it is different for different orders l. Thus,
although all quantities for Sl and Tl depend linearly
on the expansion coefficients e+nm and f−nm, in con-
structing the solution for an arbitrary perturbation f1
it is convenient to have a solution to Eqs. (10) on
the initial surface σ0 for independent S and T. This
solution is readily obtained in the case of a sphere.
In this case, Eqs. (10) take the form:∑

mn

[
(b−mnβ

0
n − κc−mnα

0
n)m−mn

+ (a+mnβ
1
n − κd+mnα

1
n)n+mn

]∣∣
r=r0

= S,
∑
mn

[
(χ1a+mnβ

0
n − χ2κd+mnα

0
n)m+mn

+ (χ1b−mnβ
1
n − χ2κc−mnα

1
n)n−mn

]∣∣
r=r0

= T.

(13)

Taking into account the orthogonality and complete-
ness of the system of functions m±mn and n±mn,
expressions (13) can be written in the form of a system
of linear equations:

b−mnρ0h
(1)
n (ρ0)

− κc−mnnrefrρ0jn(nrefrρ0) = 〈S,m−mn〉,

a+mn[ρ0h
(1)
n (ρ0)]

′

− κd+mn[nrefrρ0jn(nrefrρ0)]
′ = 〈S,n+mn〉,

χ1a+mnρ0h
(1)
n (ρ0)

− χ2κd+mnnrefrρ0jn(nrefrρ0) = 〈T,m+mn〉,

χ1b−mn[ρ0h
(1)
n (ρ0)]

′

− χ2κc−mn[nrefrρ0jn(nrefrρ0)]
′

= 〈T,n−mn〉, (14)

where the explicit form for α and β has been substi-

tuted, 〈S,m−mn〉 ≡ 1
ξmn

∫ π
0

∫ 2π
0 (S ·m−mn)×

sin θdθdϕ, ξmn = 2n(n+1)(n+m)!
(2n+1)(n−m)! (1 + δm0)π. Analo-

gously for 〈S,n+mn〉, 〈T,m+mn〉, 〈T,n−mn〉. The
solution to system (14) is:

a+mn =
[nrefrρ0jn(nrefrρ0)]

′〈T,m+mn〉 − χ2nrefrρ0jn(nrefrρ0)〈S,n+mn〉
χ1ρ0h

(1)
n (ρ0)[nrefrρ0jn(nrefrρ0)]′ − χ2nrefrρ0jn(nrefrρ0)[ρ0h

(1)
n (ρ0)]′

,

b−mn =
nrefrρ0jn(nrefrρ0)〈T,n−mn〉 − χ2[nrefrρ0jn(nrefrρ0)]

′〈S,m−mn〉
χ1nrefrρ0jn(nrefrρ0)[ρ0h

(1)
n (ρ0)]′ − χ2ρ0h

(1)
n (ρ0)[nrefrρ0jn(nrefrρ0)]′

,

c−mn =
ρ0h

(1)
n (ρ0)〈T,n−mn〉 − χ1[ρ0h

(1)
n (ρ0)]

′〈S,m−mn〉
κ
(
χ1nrefrρ0jn(nrefrρ0)[ρ0h

(1)
n (ρ0)]′ − χ2ρ0h

(1)
n (ρ0)[nrefrρ0jn(nrefrρ0)]′

) ,

d+mn =
[ρ0h

(1)
n (ρ0)]

′〈T,m+mn〉 − χ1ρ0h
(1)
n (ρ0)〈S,n+mn〉

κ
(
χ1ρ0h

(1)
n (ρ0)[nrefrρ0jn(nrefrρ0)]′ − χ2nrefrρ0jn(nrefrρ0)[ρ0h

(1)
n (ρ0)]′

) . (15)
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Formulae (15) can be written in matrix form:
⎡
⎢⎢⎢⎢⎢⎢⎣

a+mn

b−mn

c−mn

d+mn

⎤
⎥⎥⎥⎥⎥⎥⎦
= Ĝ0

⎡
⎢⎢⎢⎢⎢⎢⎣

〈S,n+mn〉

〈S,m−mn〉

〈T,n−mn〉

〈T,m+mn〉

⎤
⎥⎥⎥⎥⎥⎥⎦
, (16)

where the components of the matrix Ĝ0 are deter-
mined from expressions (15). In this notation, the
indices m and n take all possible values. Note that
due to the symmetry with respect to the z-axis, for-
mula (16) can be written separately for each of the
azimuthal modes m. The matrix Ĝ0 defines the so-
lution for independent S and T, which is required
for constructing the solution in the case of a surface
perturbation.

Knowing the matrix Ĝ for the initial surface σ0,
one can compute the corresponding matrix Ĝ′ for the
perturbed surface σ1 using the method of perturbation
theory. For this purpose, it is necessary to determine
the solution of system (10) for all orders l, assuming
in (11) that S0 = mmn or nmn, T0 = 0, or in the case
T0 = mmn or nmn, S0 = 0. Summing the perturba-
tion series (9), we obtain the coefficients (a, b, c, d)mn ,
which will form the corresponding columns in (16)
for the new matrix Ĝ′. This solution will describe
the scattering of a field for which the right-hand side
of Eqs. (8) is equal to the corresponding harmonic
m±mn or n±mn.

Successive application of perturbation theory by
the method described above allows one to achieve
substantial deformations relative to the original
spherical surface, which are not possible with a single
application of perturbation theory.

3. CONDITIONS OF APPLICABILITY

The magnitude of the perturbation is determined
by the convergence of the series (9), the criterion for
which is the smallness of the perturbation. However,
it is necessary to clarify what is meant by the “small-
ness” of a continuous quantity. It is not difficult to
show that the simple condition |εf1(θ)| < 1 is insuffi-
cient for convergence of the series (9), since it is also
necessary to bound the derivative |εf ′

1θ(θ)| < 1, see
[11]. This gives rise to the need to characterize the
smallness of deformations in a universal way. For this
purpose, we will write f1 in the form of a trigonometric
series:

f1(θ) = x0 +
∑
j=1

(
xj cos jθ + yj sin jθ

)
. (17)

The smallness of the perturbation is conveniently de-
fined by the quantity

‖f1‖ = |x0|+
∑
j=1

j
(
|xj |+ |yj|

)
. (18)

In this case, the smallness of the quantity ε‖f1‖ <
1 guarantees both conditions |εf1(θ)|, |εf ′

1θ(θ)| < 1.
The choice of intermediate deformations between the
initial and final shapes also has a significant effect
on the convergence of the result. It is evident that
such a transition can be performed in many ways.
Our calculations show that the choice of the path
of intermediate deformations affects the convergence
of the result even under identical constraints on the
perturbation magnitude (18).

From a physical point of view, the reason for the
limitation on the magnitude of the deformation lies
in the eigenmodes of the particle. This statement
is easy to explain in the case of deformation of the
spherical surface by a constant value. In this case,
expressions (15) should transform into themselves,
but for a different particle radius. Thus, the series (9)
represents a Taylor series with respect to the parame-
ter ρ0. The radius of convergence is determined by the
zeros in the denominators in (15); the corresponding
values of the size parameter lie in the complex plane
[11] and limit the radius of convergence of the series
(9), despite the fact that expressions (15) have no
singularities on the real axis. In the more general
case, determining the eigenmodes represents a sep-
arate labor-intensive task [11, 12]. Thus, the optimal
deformation path is the one that lies at the maximum
distance from the eigenmodes. This explains the
dependence of the result on the choice of the defor-
mation path.

Another factor limiting the applicability of the pre-
sented method is the inevitable accumulation of nu-
merical error in the calculation. Any numerical com-
putation is carried out for a limited number of modes
mmn and nmn in the expansions (5) and (6). Let this
number be denoted as Nmax. When constructing the
series in perturbation theory in the case of a noncon-
stant perturbation, the functions S, T may contain
a greater number of modes than are included in the
computation, due to which the modes with index n >
Nmax are not taken into account in the solution, which
leads to the accumulation of error.

4. STABILITY ANALYSIS IN THE NEAR
FIELD, COMPARISON WITH THE T -MATRIX

METHOD

The literature contains a number of methods for
solving light scattering problems on structures of
various shapes [16]. Among them, the method most
closely related in content is the extended boundary

MOSCOW UNIVERSITY PHYSICS BULLETIN Vol. 80 No. 3 2025
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Fig. 1. Comparison of accuracy and stability of computations using the EBCM method (a) and perturbation theory (b) as a
function of perturbation magnitude d and maximum number of modes Nmax. The absence of part of the data in (a) indicates
divergence of the method at Err > 1.

condition method (EBCM) [17, 18]. In this sec-
tion, we present a comparison between our proposed
method and EBCM. For this purpose, we performed
calculations for a Chebyshev particle described by the
equation

kr = 3(1 + d cosϕ), (19)

where the parameter d characterizes the curvature of
the particle. In Fig. 1, an accuracy estimate of the
two methods is shown as a function of d. As a mea-
sure of accuracy, we verified the boundary conditions
and calculated the error:

Err =

∫∫ ∣∣[n, (H2 −H1)]
∣∣dΩ∫∫ ∣∣[n,Hinc]

∣∣dΩ

+

∫∫ ∣∣[n, (E2 −E1)]
∣∣dΩ∫∫ ∣∣[n,Einc]

∣∣dΩ .

Note that the presented estimate characterizes
the accuracy of the solution in the near field, which,
in the case of EBCM, is lower than in the far field.
For d > 0.35 EBCM exhibits clear divergence, which
is associated with the numerical instability of the
method [18]. Our method demonstrates slightly
greater stability and works up to d < 0.5, but more
importantly, it remains stable with increasing maxi-
mum number of modes in the expansions.

For sufficiently large amplitudes (d > 0.1), the
computation time is lower for EBCM than when us-
ing the perturbation theory method, since multiple
applications of the theory are required. Thus, our
method is most suitable for sufficiently complex ge-
ometries. Another area of application is optimization
problems, where it is necessary to perform multi-
ple computations for particles with similar geome-
try and gradual shape variation. In this case, per-

turbation theory can be applied to previously com-
puted cases with similar geometry, which does not
require repeated application of the perturbation the-
ory. In conclusion, we note that other methods listed
in the introduction may also exhibit greater stability
compared to EBCM. For this reason, the presented
comparison does not imply that our proposed method
will have an advantage over all others.

CONCLUSIONS

This work presents a method for computing light
scattering by particles of complex shape within the
framework of surface perturbation theory. It is shown
that the method exhibits greater numerical stability
compared to EBCM. The analysis was carried out
for deformations of type (19), but our experience with
these methods shows that this trend persists in other
cases as well. It should be noted that there are cases
in which the presented method is less efficient, par-
ticularly for strongly elongated elliptical particles. For
this case, several methods exist for optimizing EBCM
[19, 20], which provide higher accuracy and stability.
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APPENDIX

PERTURBATION THEORY SERIES

Let us substitute the expansion (9) into the
boundary conditions (8). To do this, we expand the
following functions into a Taylor series:

ρh(1)n (ρ)
∣∣
σ1
=

∞∑
p=0

εp
βp
n

p!
ρp0f

p
1 ,

βp
n(θ) =

dp

dρp

[
ρh(1)n (ρ)

]∣∣∣
ρ=ρ0f0(θ)

, (A.1.1)

nrefrρjn(nrefrρ)
∣∣
σ1
=

∞∑
p=0

εp
αp
n

p!
(nrefrρ0)

pfp
1 ,

αp
n(θ) =

dp

dρp
[ρjn(ρ)]

∣∣∣
ρ=nrefrρ0f0(θ)

, (A.1.2)

h
(1)
n (ρ)

ρ

∣∣∣∣
σ1

=

∞∑
p=0

εp
ηpn
p!

ρp0f
p
1 ,

ηpn(θ) =
dp

dρp

[
h
(1)
n (ρ)

ρ

]∣∣∣∣∣
ρ=ρ0f0(θ)

, (A.1.3)

jn(nrefrρ)

nrefrρ

∣∣∣∣
σ1

=

∞∑
p=0

εp
σp
n

p!
(nrefrρ0)

pfp
1 ,

σp
n(θ) =

dp

dρp

[
jn(ρ)

ρ

]∣∣∣∣∣
ρ=nrefrρ0f0(θ)

. (A.1.4)

Using the formula
(∑∞

p=0 ε
pap

)(∑∞
p=0 ε

pbp
)
=

∑∞
p=0 ε

p
∑p

q=0 a
qbp−q, we obtain:

∞∑
p=0

εp
∑
mn

p∑
q=0

fp−q
1

(p − q)!

[(
bq−mnβ

p−q
n ρp−q

0 − κcq−mnα
p−q
n ρp−q

20

)
m−mn

+
(
aq+mnβ

p−q+1
n ρp−q

0 − κdq+mnα
p−q+1
n ρp−q

20

)
n+mn

+
(
aq+mnη

p−q
n ρp−q

0 − dq+mnσ
p−q
n ρp−q

20

)
f0θρ0eθp+mn

+
(
aq+mnη

p−q−1
n ρp−q−1

0 dq+mnσ
p−q−1
n ρp−q−1

20

)
f1θρ0

p− q

f1
eθp+mn

]∣∣∣∣
r∈σ0

= −ρ0 (f0 + εf1)E
inc
τ − ρ0 (f0θ + εf1θ) eθE

inc
r

∣∣∣∣
r∈σ1

. (A.2)

Now that we have expanded the boundary conditions
into a series of powers of the small parameter ε, we
require that the equality holds for each term of this
series separately. To this end, let us consider a certain
lth term of the series

∑
p, where l > 0. In this case,

since the incident field is given, it is convenient to

assign it to the quantity of zeroth order in smallness,

see (11)

∑
mn

l∑
q=0

f l−q
1

(l − q)!

[(
bq−mnβ

l−q
n ρl−q

0 − κcq−mnα
l−q
n ρl−q

20

)
m−mn

+
(
aq+mnβ

l−q+1
n ρl−q

0 − κdq+mnα
l−q+1
n ρl−q

20

)
n+mn

+
(
aq+mnη

l−q
n ρl−q

0 − dq+mnσ
l−q
n ρl−q

20

)
f0θρ0eθp+mn

+
(
aq+mnη

l−q−1
n ρl−q−1

0 − dq+mnσ
l−q−1
n ρl−q−1

20

)
f1θρ0

l − q

f1
eθp+mn

]∣∣∣∣
r∈σ0

= 0. (A.3)

We assume that at the current step all coefficients of order (l− 1) and lower are known, so we isolate the
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term of order l on the left-hand side, and move the
remaining expression to the right-hand side, denot-
ing it by the vector Sl. We proceed analogously for
the second boundary condition on the magnetic field
and obtain Eqs. (10).
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